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Let X c IWP” be a nonsingular irreducible real algebraic curve. It is well known that there 
exists a unique (up to biregular isomorphism over I&!) complex projective nonsingular 
irreducible curve Xc defined over K! such that the real part of Xc is biregularly isomorphic 
to X. Without loss of generality, we may therefore assume that X is just the real part of Xc. 
The curve X is said to be dioiding if Xc\X is disconnected (in which case Xc \X has 
precisely two connected components). If s(X) is the number of the connected components of 
X and g(X) is the genus of X (that is, by definition, the genus of Xc), then 
1 < s(X) < g(X) + 1 and s(X) E g(X) + 1 (mod 2), provided that X is dividing. Moreover, 
given integers  and g satisfying 1 < s < g + 1 and s E g + 1 (mod 2), there exists a dividing 
curve X with s(X) = s and g(X) = g. These facts have been known for about 100 years (cf. 
[6, Proposition 3.11 and the references cited there). In this note we give a characterization of 
the dividing real algebraic curves in terms of regular mappings. 
The reader may refer to [2] for terminology and basic notions of real algebraic 
geometry. Recall that a regular mapping is just a morphism between real algebraic varieties. 
Denote by S2 the unit 2-sphere, S2 = {(x1, x2, x3) E R* 1 xf + xt + xi = l}. We endow 
S* with an orientation that will be fixed once and for all. Given a C” compact oriented 
boundaryless urface A4 and a C” mapping f: M -+ S*, set 
d(f) = i deg(.l”l Mi) 
i=l 
where MI, . . . . M, are the connected components of M and deg stands for the topological 
(Brouwer) degree. Note that for M connected, by virtue of Hopf’s theorem, d(f) = 0 if and 
only if f is null homotopic. 
THEOREM 1. Given a nonsingular real algebraic curve X c LIP”, the following conditions 
are equivalent: 
(a) X is dividing; 
(b) For each nonsingular real algebraic curve Y c RPq the product X x Y can be oriented 
in such a way that d( f 1 X x Y’) = 0 for every regular mapping f: X x Y + S* and every 
connected component Y’ of Y; 
(c) For each connected nonsingular real algebraic curve Y c RPq the product X x Y can 
be oriented in such a way that d(f) = 0 f or every regular mapping f: X x Y -+ S*. 
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Theorem 1 trivially implies the following result: 
COROLLARY 2. Given a connected nonsingular real algebraic curve X E RP”, the following 
conditions are equivalent: 
(a) X is dividing; 
(b) For each nonsingular real algebraic curve Y c RPq, every regular mapping of X x Y 
in S* is null homotopic; 
(c) For each connected nonsingular real algebraic curve Y c RPq, every regular mapping 
of Xx Y in S2 is null homotopic. 
Obviously, RP’ is a dividing curve. Implication (a) 3 (b) in Corollary 2 has been known 
in a particular case X = RP’ [2, Theorem 13.531. Let us also mention that there exists 
a disconnected ividing real algebraic curve X and a regular mapping f: X x X -+ Sz such 
that f is not null homotopic. This last statement is a particular case of [4, Theorem 1.51 (an 
explicit example is also given in [4, pp. 642,643]). 
Before giving a proof of Theorem 1, it will be convenient o review some properties of 
regular mappings and to generalize a certain result of [4]. 
Let M be a projective nonsingular real algebraic variety and let Mc be a complex 
projective nonsingular variety defined over R whose real part is biregularly isomorphic to 
M. We identify M with the real part of MC and denote by j: M 4 MC the inclusion map. 
Define H&(MC, Z) to be the subgroup of H2(MC, Z) generated by the cohomology classes 
represented by the complex algebraic hypersurfaces in Me. In other words, H&(Mc, Z) is 
the N&on-Severi group of MC. It is known that the subgroup 
H&,&M, Z) =j*(H&(Mc, 0) 
of H*(M, Z), where j*:H’(Me, Z) + H* (M, Z) is the homomorphism induced by j, de- 
pends only on M [l]. It can be used to obtain a characterization of the C” mappings of 
M in S* that are homotopic to regular mappings. Namely, let d be a generator of 
H*(S*,Z)~.Z.AC*mappingsg:M + S2 is homotopic to a regular mapping if and only if 
g*(a) belongs to H&,,(M, Z) [4, Proposition 2.21. These facts will be used below without 
any additional comment. 
Let V be a complex projective nonsingular irreducible curve. Then V carries the 
structure of a projective real algebraic surface, and regarded as such a surface will be 
denoted by V,. We endow V, with orientation induced by the complex structure on V. 
Given two C” compact oriented curves Xi and X2 in VW, denote by Xi .X2 the intersection 
number of X 1 and X2. 
PROPOSITION 3. Let V be a complex projective nonsingular curve. Let X1 and Xz be 
nonsingular real algebraic curves in V, endowed with some orientations. Then there exists 
a regular mapping f:X1 xX2 -+ S* with d(f) = X1*Xz. 
Proof Note that Xi *X2 can be computed as follows. Let 6 be the cohomology class in 
H2 (V, x V,, Z) represented by the diagonal of V x V. Let Sr, . . . , S, be the connected 
components of Xi x X2 and let ri : H2( VR x VR, Z) + H2(Si, Z) be the homomorphism 
induced by the inclusion mapping Si 4 V, x VW. Using the orientation on Si induced from 
the product orientation on Xi x X2, we identify H2(Si, Z) with Z. Then 
X1*X2 = i ri(S). 
i=l 
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Now, let g:X, xX, +S2 be a C” mapping with g*(a)=j*(@, where j*: 
H2( V, x V,, Z) + H2(X1 x X2, Z) is the homomorphism induced by the inclusion map- 
ping j : X1 x X2 4 VW x V,. By construction, d(g) = X1 * X2. Hence, in order to complete the 
proof, it suffices to show that g is homotopic to a regular mapping or, equivalently, that 
g*(o) = j*(S) is in H&,, (X1 x X2, Z). S ince j is a regular mapping, the last condition holds, 
provided that 6 is in H&,, ( VR x VR, Z). Note that 6 is represented by a complex curve in 
Vx V and hence, by virture of [3, Proposition 4.71, it belongs to H&+(VR x V,, Z). The 
proof of Proposition 3 is complete. 
We shall need the following result concerning nondividing real algebraic curves. 
PROPOSITION 4. Let X c [WP” be a nonsingular real algebraic curve. If X is nondividing, 
then there exists a connected nonsingular real algebraic curve Y c (wP4 and a regular 
mapping f: X x Y + S2 such that for every choice of an orientation on the product X x Y, 
either d(f) = 2 or d(f) = -2. 
Proof We may assume that X is the real part of a complex projective nonsingular 
irreducible curve V defined over R. By Proposition3, it suffices to prove that there exists 
a connected nonsingular real algebraic curve Y in VR such that for every choice of 
orientations on X and Y, either X * Y = 2 or X * Y = -2. Below we show the existence of 
such a curve Y. 
Given a C” compact curve C in VR, we let [C], denote the homology class in 
H1 (V,, Z/2H) determined by C. If C is oriented, the homology class in Hi ( VR, Z) repres- 
ented by C will be denoted by [Cl. We consider H1 (V,, Z) equipped with the canonical 
intersection form; the intersection number of two homology classes u1 and u2 will be 
denoted by u1 - u2. 
We first assert the existence of a C” compact connected curve 2 in V, such that 
[Z12 = [X], and for every choice of orientations on X and Z, either X * Z = 2 or 
X *Z = -2. Indeed, choose an arbitrary orientation on X and endow the connected 
components X 1, . . . , X, of X with the induced orientations. It follows from [8, p. 3391 that 
the homology classes [Xi 1, . . . , [X,] in H1 (V,, if) are linearly independent over Z. More- 
over, since X1 is connected, by [7], there exists a symplectic basis for H, (V,, Z) containing 
[X,] as one of its elements. Hence we can find a homology class u in H1 (V,, Z) satisfying 
[X,].u=1and[Xi].u=Ofor2~i~s.Then,settingv=[X]+2u,wegetu.v=1and 
therefore, in particular, v is a primitive element inH, ( VR, Z) (that is, v cannot be written in 
the form v = kw with k # + 1 and w in H1 (Va, h)). By virtue of [7], this last property 
implies the existence of a C” compact connected oriented curve Z in V, with [Z] = v. By 
construction, [Z], = [X], and [X1] * [Z] = 2, [Xi] * [Z] = 0 for 2 < i < s. Hence, with 
respect o possibly different orientations on X and Z than the ones already chosen, we have 
either X *Z = 2 or X -Z = -2. The assertion is now proved. 
Since X is a real algebraic curve and [Z12 = [Xl2 in Hi ( VR, Z/22), it follows from [2, 
Theorem 12.4.101 that there exists a C” isotopy of VR transforming Z onto a nonsingular 
real algebraic curve Y in V,. Obviously, Y has all the required properties, which completes 
the proof of the proposition. 
Remark 5. It would be interesting to decide whether in Proposition 4 one can find Y and 
f with d(f) = 1 or d(f) = - 1. The method used in the proof of Proposition 4 does not 
allow to find such a Y and f: Indeed, let X be a connected nonsingular eal algebraic curve 
of genus 1, that is, real elliptic curve. Assume that V = Xc is without complex multiplica- 

DIVIDING REAL ALGEBRAIC CURVES 455 
5. J. BOCHNAK and W. KUCHARZ: Real algebraic hypersurfaces in complex projective varieties, to appear in Math 
Ann. 
6. B. H. GROSS and J. HARRIS: Real algebraic curves, Ann. Sci. i?cole Norm. Sup (4) 14 (1981), 1577182. 
7. M. MEYERSON: Representing homology classes of closed oriented surfaces, Proc. Amer. Math. Sot. 61 (1976) 
181-182. 
8. I. SHAFAREVICH: Basic Algebraic Geometry, Springer, Berlin (1977). 
Department of Mathematics 
Vrije Universiteit 
De Boelelaan 1081 
1081 H V-Amsterdam 
Netherlands 
Department of Mathematics 
University of New Mexico 
Albuquerque, New Mexico 87 13 1 
U.S.A. 
TOP 35:2-M 
